Abstract. We investigate the sufficient conditions and the necessary conditions on an exchange ring R under which R has stable range one. These give nontrivial generalizations of Theorem 3 of V. P. Camillo and H.-P. Yu (1995) , Theorem 4.19 of K. R. Goodearl (1979 Goodearl ( , 1991, Theorem 2 of R. E. Hartwig (1982) , and Theorem 9 of H.-P. Yu (1995) . We call R has stable range one provided that aR+bR = R implies that a+by ∈ U(R) for a y ∈ R. It is well known that an exchange ring R has stable range one if and only if A ⊕ B A ⊕ C implies B C for all finitely generated projective right R-modules A, B, and C. It has been realized that the class of rings having stable range one has good stability properties in a K-theoretic sense (cf. [8, 13] ). Many authors have studied stable range one conditions over exchange rings such as [1, 2, 4, 5, 6, 7, 15, 16] .
tinian rings, and the ring of all ω×ω matrices over regular R, which are both row and colume-finite, are exchange rings.
We call R has stable range one provided that aR+bR = R implies that a+by ∈ U(R) for a y ∈ R. It is well known that an exchange ring R has stable range one if and only if A ⊕ B A ⊕ C implies B C for all finitely generated projective right R-modules A, B, and C. It has been realized that the class of rings having stable range one has good stability properties in a K-theoretic sense (cf. [8, 13] ). Many authors have studied stable range one conditions over exchange rings such as [1, 2, 4, 5, 6, 7, 15, 16] .
In this paper, we investigate stable range one conditions over exchange rings by virtue of Drazin inverses, nilpotent elements, and prime ideals. We showed that stable range conditions can be determined by Drazin inverses for exchange rings. Also, we see that these stable range conditions can be determined by regular elements out of any proper ideal of R. Moreover, we prove that an exchange ring R has stable range one if the set of nilpotents is closed under product. These extend the corresponding results of [4, Theorem 3] , [9, Theorem 4.19] , [12, Theorem 2] , and [16, Theorem 9] .
Throughout this paper, all rings are associative ring with identities and all right R-modules are unitary right R-modules. M ⊕ N means that right R-module M is isomorphic to a direct summand of right R-module N. The notation x ≈ y means that x = uyu −1 for some u ∈ U(R), where U(R) denotes the set of all units of R. Call a ∈ R is regular if a = axa for some x ∈ R and a ∈ R is unit-regular if a = aua for some u ∈ U(R).
Drazin inverses.
Recall that a ∈ R is called strongly π -regular if there exist n ≥ 1 and x ∈ R such that a n = a n+1 x, ax = xa, and x = xax. By [1, Theorem 3], we know that every strongly π -regular element of an exchange ring is unit-regular.
Clearly, the solution x ∈ R is unique, and we say that x is the Drazin inverse a d of a.
Call a ∈ R is pseudo-similar to b ∈ R provided that there exist some x, y ∈ R such that a = xby, b = yax, and x = xyx and denote it by a b. 
Then 1 − e = xy and 1 
(1.1)
(2)⇒(1). Suppose eR f R with idempotents e, f ∈ R. Then we can find some a ∈ eRf , b ∈ f Re such that e = ab and f = ba. Obviously, e and f are both π -regular, 
such that e = ab and f = ba. Similarly to the consideration in (2)⇒ (1), we see that 
Proof. One direction is trivial by [16, Theorem 9] . Conversely, we assume (1) and (2) hold. Given gR hR with idempotents g, h ∈ R, thenḡ(R/M) h (R/M). Since R/M is an exchange ring having stable range one, by [16, Theorem 9] , we see that Hence axt + e = 1, and then (1 − e)axt + e = 1. Clearly, (1 − e)a ∈ R is regular. As-
So it follows that (1−e)a+e(1−g)v = gv +e(1−g)v = (1+gvxt(1−g)) −1 v ∈ U(R).

Thus, there is a z ∈ R such thatā + bs(z −ā) = (1 − e)a + ez ∈ U(R/M).
Therefore R has stable range one by Lemma 2.1.
(
1)⇒(3) is clear by [4, Theorem 3]. (3)⇒(2). Given eR f R with idempotents e, f ∈ R\M,
we have x ∈ eRf , y ∈ f Re such that e = xy and y = yx. Clearly, e = xf y, f = yex, and x = xyx. 
Since regular element yxy ∈ R\M, yxy = yxyuyxy for a u ∈ U(R). Set w = (1−xy −uyxy)u(1−yx −yxyu). Then we check that w ∈ U(R) and
Corollary 2.3. Let R be an exchange ring, and let M be an ideal of R. Then the following statements are equivalent:
(1) R has stable range one.
(2) Whenever eR f R with idempotents e, f ∈ R\M, e ≈ f .
Proof. (1)⇒(2). Given eR f R with idempotents e, f ∈ R\M,
we have x ∈ eRf , y ∈ f Re such that e = xy and y = yx. Similarly to the consideration in Theorem 2.2, we know that e f . Hence e ≈ f by [10, Corollary 1].
(2)⇒(1). Given eR f R with idempotents e, f ∈ R\M, then e = uf u −1 for some 
Proof. One direction is obvious. Conversely, it is trivial if k = 1. Now we assume that the result holds for k − 1. Suppose that
, there are right R-modules U,W ,E, and
By the induction hypothesis, we have
Therefore we complete the proof.
y ∈ f Re such that xy = e.
Proof. Since eR
Set x = eψ −1 (f )f and y = f r e. Then x ∈ eRf and y ∈ f Re with xy = e, as asserted. Since R is a projective right R-module, we know that ψ is a split epimorphism. Thus
Since eR ⊕ R ⊕ n(1 − e)R, by virtue of Lemma 3.1, there is a decomposition 
It follows from Lemma 3.3 that 1 − e = f ∈ R is the product of two nilpotents of R. Therefore 1 − e = (1 − e) 2 is a nilpotent. Hence e = 1.
Consequently, we claim that (a + by)r = 1 for some r ∈ R.
That is, R has stable range one.
Recall that an ideal P of R is called completely prime if R/P is a domain. As an immediate consequence of Theorem 3.4, we now derive the following corollary. Proof. Clearly, R is 2-prime. So we claim that all nilpotents in R belong to the prime radical of R. Thus the product of two nilpotents is nilpotent. By Theorem 3.4, the result follows. Proof. Assume ax + b = 1 in R. Similar to the consideration in Theorem 3.4, we can find a y ∈ R such that R(a + by)R = R. Thus, we have e = e 2 ∈ (a + by)R such that R(1 − f )R = R with f = 1 − e. By Lemma 3.3, 1− e = n 1 n 2 is the product of two nilpotents n 1 and n 2 . Hence e = 1−n 1 n 2 = (1−n 1 )+n 1 (1−n 2 ) = ((1−n 1 )(1−n 2 ) −1 + n 1 )(1 − n 2 ). Since (1 − n 1 )(1 − n 2 ) −1 + n 1 ∈ U(R), we know that e = e 2 ∈ U(R). Hence (a + by)r = e = 1 for some r ∈ R. Analogously to the consideration in Theorem 3.4, we conclude that R has stable range one.
Prime ideals.
In Section 3, we see that stable range one conditions over exchange rings can be studied by minimal prime ideal of R. Now we investigate such stable range condition by prime ideals. We denote the set of all finitely generated projective right R-modules by FP(R). 
